Abstract. Let H be a Hilbert space which is the direct sum of five closed subspaces X 0 , X 1 , X 2 , X 3 and X 4 with X 1 , X 2 , X 3 of finite dimension. Let J be a C 1,1 functional defined on H with J(0) = 0. We show the existence of at least four nontrivial critical points when the sublevels of J (the torus with three holes and sphere) link and the functional J satisfies sup-inf variational inequality on the linking subspaces, and the functional J satisfies (P.S.) * c condition and f | X 0 ⊕X 4 has no critical point with level c. For the proof of main theorem we use the nonsmooth version of the classical deformation lemma and the limit relative category theory.
Introduction and statement of main result
Let H be a Hilbert space which is a direct sum of five closed subspaces X 0 , X 1 , X 2 , X 3 and X 4 with X 1 , X 2 , X 3 of finite dimension. Let J be a C 1, 1 functional defined on H with J(0) = 0. In this paper we investigate the number of nontrivial critical points of the C 1,1 functional J under some conditions on the sublevels of J and the shape of J. We show the existence of at least four nontrivial critical points when the sublevels of J (the torus with three holes and sphere) link and the functional J satisfies the sup-inf variational inequality on the linking subspaces, and the functional J satisfies (P.S.) * c condition and J| X 0 ⊕X 4 has no critical point with level c. Micheletti and Saccon prove in [13] that the functional J has at least two nontrivial critical points under the same conditions on J except the condition that the sublevel sets are the torus with one hole and the sphere. In this paper we improve this result to the case that the sublevel sets are the torus with three holes and sphere. Now, we state the main result:
Assume that 
In Section 2, we introduce the notion of the limit relative category and the (P.S.) * c condition and recall the suitable version of the deformation lemma and the multiplicity theorem in [13] . In Section 3, by the nonsmooth version of the classical suit deformation lemma, the limit relative category theory and the multiplicity Theorem 2.1 prove the main theorem.
Recall of the critical point theory on the manifold
Now, we consider the critical point theory on the manifold with boundary induced from the limit relative category. Let H be a Hilbert space and M be the closure of an open subset of H such that M can be endowed with the structure of C 2 manifold with boundary. Let J : W → R be a C 1,1 functional, where W is an open set containing M . For applying the usual topological methods of critical points theory we need a suitable notion of critical point for J on M . We recall the following notions: lower gradient of J on M , (P.S.) * c condition and the limit relative category (see [7] ).
where we denote by ν(u) the unit normal vector to ∂M at the point u, pointing outwards. We say that u is a lower critical point for J on M , if grad
Since the functional J(u) is strongly indefinite, the notion of the (P.S.) * c condition and the limit relative category is a very useful tool for the proof of the main theorems.
Let (H n ) n be a sequence of closed subspaces of H such that, for any n, M n = M ∩ H n is the closure of an open subset of H n and has the structure of a C 2 manifold with boundary in H n . We assume that for any n there exists a retraction r n : M → M n . For given B ⊂ H, we will write B n = B ∩ H n . Definition 2.2. Let c ∈ R. We say that J satisfies the (P.S.) * c condition with respect to (M n ) n , on the manifold with boundary M , if for any sequence (k n ) n in N and any sequence (u 
there exists a subsequence of (u n ) n which converges to a point u ∈ M such that grad 
If such an h does not exist, we say that cat M,Y (B) = +∞.
Definition 2.4. Let (X, Y ) be a topological pair and (X n ) n be a sequence of subsets of X. For any subset B of X we define the limit relative category of B in (X, Y ), with respect to (X n ) n , by
Let Y be a fixed subset of M . We set
We recall the "nonsmooth" version of the classical Deformation Lemma in [5] .
Lemma 2.1. (Deformation Lemma) Let h : H → R ∪ {+∞} be a lower semicontinuous function and assume h to be ϕ-convex of order 2. Let c ∈ R, δ > 0 and D be a closed set in H such that inf{ grad
− M h(x) | c − δ ≤ h(x) ≤ c + δ, dist(x, D) < δ} > 0.
Then there exist > 0 and a continuous deformation
We have the following multiplicity theorem, which was proved in [13] . 
Proof of Theorem 1.1
Now we will show that J has at least four nontrivial critical points in the subspace X 1 ⊕ X 2 ⊕ X 3 of H. Let P X1⊕X2⊕X3 be the orthogonal projection from H onto X 1 ⊕ X 2 ⊕ X 3 and
Then C is the smooth manifold with boundary. Let C n = C ∩ H n . Let us define a functional Ψ :
We have (3.3) ∇Ψ(z)(w)
Let us define the functionalJ : C → R by
loc . We note that ifz is the critical point ofJ and lies in the interior of C, then z = Ψ(z) is the critical point of J. So it suffices to find the nontrivial critical points ofJ. We note that (3.5) grad
Let us setS
We note thatS r ,B r ,Σ 3 R and∆ 3 R have the same topological structure as S r , B r , Σ 
By the condition of Theorem 1.1,J satisfies the (P.S.) * c condition with respect to (C n ) n for every real numberc such that (3.6) inf
In fact, we consider a continuous deformation r :
Using r 1 , it is easy to construct, for all n, a continuous deformation η n :
The existence of η n implies that (3.9) cat
We note that the pair (∆ 3 n ,Σ 3 n ) is homeomorphic to the pair (∆ 
r , S r denote the r-dimensional ball, the r-dimensional sphere, respectively. Thus the pair (∆ 3 n ,Σ 3 n ) is homeomorphic to the pair (
. This fact and the facts that q i = 1, i = 1, 2, 3 and (b) of (3.7) in [7] imply that
Thus we have
Let us set (3.11)
We first claim thatc i < ∞, i = 1, 2, 3, 4. In fact, from the facts that 
